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The large-N limit of gauge theories has been playing a crucial role in theoretical physics over the
decades. Despite its importance, little is known outside the planar limit where the ’t Hooft coupling
λ = g2Y MN is fixed. In this Letter we consider more general large-N limit — λ grows with N , e.g.,
g2YM is fixed. Such a limit is important particularly in recent attempts to find the nonpertubative
formulation of M-theory. Based on various supporting evidence, we propose this limit is essentially
identical to the planar limit, in the sense the order of the large-N limit and the strong coupling limit
commute. For a wide class of large-N gauge theories, these two limits are smoothly connected, and
the analytic continuation from the planar limit is justified. As simple examples, we reproduce a few
properties of the six-dimensional N = (2, 0) theory on S1 from the five-dimensional maximal super
Yang-Mills theory, supporting the recent conjecture by Douglas and Lambert et al. that these two
theories are identical.
PACS numbers: 11.15.Pg, 11.25.Yb
Introduction.— The large-N limit of gauge theo-
ries provides us with valuable insights into theoretical
physics. So far, most of works, however, are restricted
to the planar limit [1], in which the ’t Hooft coupling
λ = g2YMN is fixed. Of course there are fairly good
reasons to consider the planar limit; for example, only
the planar diagrams survive because the genus expan-
sion in terms of the Feynman diagrams corresponds to
the 1/N expansion, and hence the analysis is simplified
drastically (see, e.g., [2]). It is also worthwhile to explore
whether similar simplification takes place in the large-N
limit with λ varied.
Recently there appeared an urgent motivation to study
such a limit in the context of the AdS-CFT correspon-
dence [3]. In the most explored correspondence of the 4D
N = 4 super Yang-Mills theory (SYM) and type IIB su-
perstring theory on AdS5 × S5, the planar large-N limit
of SYM corresponds to the classical string limit on the
string theory side. The conjecture had been tested thor-
oughly, because the gauge theory is controllable to some
extent in the planar limit. It has been also conjectured
that there is a CFT dual of M theory on AdS7 × S4
called the 6D N = (2, 0) theory, though its Lagrangian
description is yet to be known. Recently conjecture by
Douglas [4] and Lambert et al. [5] claims the equivalence
of this theory on S1 to the 5D SYM with maximal su-
persymmetry and that the large-N limit with g2YM fixed
in the latter theory corresponds to the 11-dimensional
supergravity on the M5-brane background. This conjec-
ture is very important because compactification of the
6D N = (2, 0) theory is a source of recent exciting de-
velopments like the Alday-Gaiotto-Tachikawa conjecture
[6], and hence much effort has been made to reproduce
its properties from 5D SYM (see, e.g., [7]). Direct calcu-
lations outside the planar limit, however, are difficult in
general, and a new approach is needed.
In this Letter we propose a novel approach to study
the very strongly coupled large-N limit,
N →∞ with λ = g2YMN ∼ Na (a > 0). (1)
A key observation is that some results obtained in the
planar limit are valid even in the very strongly coupled
large-N limit [8]. In this letter, we go one step further:
we provide evidence that the ’t Hooft limit and the very
strongly coupled large-N limit are identical, and for a
wide class of theories the physics in the very strongly
coupled large-N limit can be understood as soon as one
solves the planar limit (The precise statement will be
explained in the following sections). As simple examples,
we demonstrate that the properties of the 6D N = (2, 0)
theory are calculated straightforwardly in our approach.
Conjecture.— Now we argue the properties of the
very strongly coupled large-N limit. Our conjecture is:
1. First, the very strongly coupled large-N limit is
well defined.
2. The order of the large-N limit and the strong cou-
pling limit is commutative. In other words, the
very strongly coupled large-N limit can be obtained
by taking the leading part of the ’t Hooft 1/N ex-
pansion and then sending the ’t Hooft coupling to
λ ∼ Na (a > 0).
3. When there is no singularity and phase transition
separating the planar and very strongly coupled re-
gions, expectation values of observables in the very
strongly coupled large-N limit can be obtained by
the analytic continuation from those in the ’t Hooft
limit.
To explain our conjecture more concretely, let us con-
sider the free energy as an example. In the ’t Hooft
2limit, it can be expanded as F =
∑∞
g=0 Fg(λ)/N
2g−2.
Conjecture 1 claims the existence of a certain 1/N ex-
pansion in the very strongly coupled region, which is
not necessarily in powers of 1/N2 and is different from
the genus expansion in general. For example, for 4D
N = 4 SU(N) SYM with the very strong coupling
λ ∼ Na (a > 0) satisfying 1 ≪ λ ≪ N , the genus ex-
pansion F =
∑∞
g=0 Fg(λ)/N
2g−2 is justified as the gs
expansion in the dual string theory, though the coeffi-
cients Fg(λ) is N dependent (for the detail, see evidence
2 below). One can then rearrange it to a new 1/N ex-
pansion. Our conjecture claims the existence of a similar
1/N expansion even when the dual gravity description is
not available. Conjecture 2 claims the higher genus terms
of the ’t Hooft expansion do not contribute to the leading
part of this new 1/N expansion in the very strongly cou-
pled region. Conjecture 3 means that, as long as there is
no singularity separating the ’t Hooft large-N limit and
very strongly coupled large-N limit, the expression in the
latter is obtained by simply substituting λ ∼ Na to the
expression in the ’t Hooft limit and picking up the lead-
ing order term in 1/N . In the following we provide some
evidence supporting this conjecture.
Evidence 1: Exact results from the localization
method.— For some quantities protected by supersym-
metry, we can confirm the validity of the analytic contin-
uation from calculations purely on the gauge theory side.
For example, in the Aharony, Bergman, Jafferis and Mal-
dacena (ABJM) theory [9], we can use the localization
technique to obtain the exact expression for the free en-
ergy [10][11–14] and circular Wilson loops [15] for any λ
andN . Especially in the ’t Hooft limit the leading part of
the free energy is given by (
√
2π/3)N2/
√
λ [11], while the
higher genus contributions are (cg λ
2(g−1)+ · · · )/N2(g−1)
[12], where cg are order one constants for g ≥ 1. The
explicit formulas show the same expression holds even at
a > 0 by substituting λ ∼ Na, and thus the very strongly
coupled large-N limit is smoothly connected from the
planar limit (note that λ ≤ N in the ABJM theory by
definition). A similar argument holds for the free energy
and the 1/2 Bogomol’nyi-Prasad-Sommerfield (BPS) cir-
cular Wilson loops of the 4D N = 4 SYM [16]. In this
case, the planar dominance and the analytic continuation
from the planar limit are valid at least at λ≪ N2 [17].
Evidence 2: 4D N = 4 SYM and Wilson-’t Hooft
loops.— As a simple but nontrivial example beyond the
BPS sector, let us consider the 4D N = 4 SU(N) SYM.
The weakly-coupled type IIB superstring on AdS5×S5
gives a good description when 4πgs = g
2
YM ≪ 1 and
α′/R2AdS ∼ λ−1/2 ≪ 1, or equivalently 1 ≪ λ ≪ N
[3][34]. On the gravity side, we have a double expan-
sion with respect to α′ = ℓ 2s (ℓs is the string length) and
gs. The expression on the gauge theory side is obtained
by simply replacing α′ and gs on the gravity side with
proper combinations of λ and 1/N2. Therefore, in the
very strongly coupled large-N limit with 0 < a < 1, only
the leading term with respect to both gs and α
′ in the
gravity side remains. Note that this argument holds for
any operator in any large-N gauge theory with a gravity
dual.
In order to go to even stronger coupling region, we can
use the S duality and map λ to λ˜ = 16π2N2/λ. We first
set the ’t Hooft coupling λ to satisfy 1 ≪ λ ≪ N and
apply the AdS-CFT correspondence to calculate physical
quantities from the gravity side. We then map them
to the very strongly coupled region N ≪ λ˜ ≪ N2 by
the S duality. We stress that we just use the AdS-CFT
correspondence at 1≪ λ≪ N in the usual sense and do
not generalize it to λ & N .
As a concrete example, let us consider the Wilson and
’t Hooft loops in the fundamental representation. At
1≪ λ≪ N , through the AdS-CFT correspondence, it is
calculated as the minimal surface area of the fundamental
string (F1) ending on the Wilson loop at the AdS bound-
ary [19]. The ’t Hooft loop is similarly evaluated except
that F1 is replaced by the D string (D1). More concretely,
on the gravity side, the Wilson loops 〈W (C)〉 and the
’t Hooft loops 〈H(C)〉 are calculated as log 〈W (C)〉 =
−τF1SNG(C) and log 〈H(C)〉 = −τD1SNG(C), where
SNG(C) is the on-shell Nambu-Goto action on AdS5×S5
whose boundary is given by the loop C. For simplicity
we set the string length ℓs to be ℓs = λ
−1/4 so that the
AdS radius becomes unity. In this notation, the AdS
metric does not depend on the ’t Hooft coupling and
thus the on-shell SNG(C) does not neither. The ten-
sion of the F1 and D1 are given by τF1 = λ
1/2/(2π) and
τD1 = τF1/gs = 2N/λ
1/2, respectively.
In order to go to the very strongly coupled region we
apply the S duality. It maps the Wilson loops to the
’t Hooft loops and vice versa. In the S-dualized frame,
the ’t Hooft coupling and the string length are given by
g˜s = 1/gs and ℓ˜s = g
1/2
s ℓs, and thus the ’t Hooft coupling
is λ˜ = 16π2N2/λ. The Wilson loops and ’t Hooft loops
after the S duality are given by
log〈W˜ (C)〉 = log〈H(C)〉 = −2N√
λ
SNG(C) = −
√
λ˜
2π
SNG(C) ,
log〈H˜(C)〉 = log〈W (C)〉 = −
√
λ
2π
SNG(C) = − 2N√
λ˜
SNG(C) ,
indicating that we can analytically continue the Wilson
and ’t Hooft loops in the ’t Hooft large-N limit to the
very strongly coupled large-N limit, even beyond λ ∼ N .
Note that this calculation is applicable to the Wilson and
’t Hooft loops of any shape, including non-BPS loops.
A similar argument can be repeated in various theories
with type IIB supergravity duals. For multiple Wilson
loops, our argument is valid for the connected part of
the correlation functions. For detail see Ref.[20].
Evidence 3: Planar equivalence outside the planar
limit.— Another evidence comes from the ABJM the-
3ory and its orientifold projection keeping a large number
of supersymmetry (we call it the ABJ theory here) [21]
for which a clear understanding of the M-theory duals
exists.
The U(2N)2k × U(2N)−2k ABJM theory are dual to
type IIA superstring on AdS4 × CP 3 at 1 ≪ λ ≪ N4/5,
and to M-theory on AdS4× S7/Z2k at λ≫ N4/5. On the
other hand the gravity dual of the O(2N)2k×USp(2N)−k
ABJ theory is type IIA superstring on AdS4 × CP 3/Z2
and M-theory on AdS4× S7/Dk, which are obtained by
taking the Z2 orientifold projections of the duals of the
ABJM theory. On the gravity side, the Z2-invariant
modes do not distinguish these two theories. Through
the Gubser-Klebanov-Polyakov-Witten relation [22], this
simple fact translates into a very nontrivial “orientifold
equivalence” [23] on the gauge theory side: the Z2-
invariant operators in the ABJM theory and the cor-
responding operators in the ABJ theory give the same
correlation functions. Note that this equivalence holds
even outside the ’t Hooft limit, as long as there exists a
classical gravity dual, as emphasized in Ref.[24].
In the ’t Hooft limit, the orientifold equivalence can be
understood in various ways in terms of the field theory
(see, e.g., [25]). This equivalence is tightly related to the
planarity of the large-N limit, and as soon as the non-
planar corrections are taken into account the equivalence
breaks down. Therefore the fact that this equivalence
naturally extends to the very strongly coupled large-N
limit strongly suggests that the 1/N correction to the ’t
Hooft limit (nonplanar diagrams) is negligible also in the
very strongly coupled large-N limit [8].
Evidence 4: Examples without gravity duals and
supersymmetry.— We can also find some examples that
rely neither on the gravity dual nor on supersymme-
try. The most familiar example is the Wilson’s lat-
tice gauge theory [26] for SU(N) pure Yang-Mills the-
ory. At strong coupling, the Wilson loop behaves as
〈W (C)〉 ∼ (g2YMN)−A× [1+O(1/N, 1/(g2YMN))], where
A is the minimum number of plaquettes needed to fill the
loop C. This expansion is valid both in the planar and
the very strongly coupled regions and clearly shows the
commutativity of the strong coupling limit and the large-
N limit. Another example is the two-dimensional pure
Yang-Mills theory [27], in which we can directly evaluate
the free energy and Wilson loops to support our proposal
[20].
What theories admit the analytic continuation?—
When the string theory and M theory picture is clear, it
is possible to see whether a given theory admits the an-
alytic continuation. Let us consider the trivial vacuum
of 3D SU(N) maximal SYM (i.e., all scalars fluctuate
around zero), which is dual to a stack of N D2 branes.
Because the IR fixed point is described by the ABJM the-
ory, our question is whether the 3D maximal SYM and
the ABJM theory are connected by the analytic contin-
uation. The answer is no. In the very strong coupling
limit, the M-theory circle transverse to the world volume
of the D2 branes opens up and the D2-branes turn to
the same numbers of M2 branes. These M2 branes, how-
ever, are not localized at a point in the M-theory circle,
but rather they are smeared along the circle [28]. At fi-
nite temperature, for example, the smeared M2 branes
turn to a stack of coincident M2 branes described by the
ABJM theory through the Gregory-Laflamme transition
(through a shift in the moduli space at zero tempera-
ture) [29]. Because of this, UV and IR are not connected
smoothly. Indeed we can confirm it easily by using the
gravity duals.
A similar argument shows that F1 must be smoothly
connected to M2 branes. In the same manner D4 branes
and M5 branes should be smoothly connected if they are
described by an identical theory, while NS5 branes and
M5 branes cannot be smoothly connected.
Application: M5 branes from 5D SYM.— We apply
our conjecture to the 5D SU(N) maximal SYM [35] [36].
If we fix the energy scales (e.g., temperature and the dis-
tance) as we take the large-N limit, at 1 ≪ λ ≪ N2/3
we can use the dual black 4-brane picture to calculate
various quantities in this theory [28][30]. Then, by ana-
lytic continuation, we can obtain the prediction for the
very strongly coupled region, which is conjectured to be
identical to the 6D N = (2, 0) theory on S1 [4]. In this
section we set ℓs = 1.
Let us start with the free energy. The Einstein frame
metric for the near horizon geometry of a stack of N D4
branes is given by
ds2D4 =
( r
R
) 9
8 (−f(r)dt2 + dx2)
+
(
R
r
) 15
8
(
dr2
f(r)
+ r2dΩ24
)
, (2)
where f(r) = 1 − r30/r3, λ = g2YMN = (2π)2gsN , R is
given by R3 = λ/(4π) = πgsN , and the D4-branes lie
along x-directions. By using the standard method in the
holographic renormalization [30], the radial coordinate
r can be identified to the energy scale E as r = 4R3E2.
The nonextremality parameter r0 is related to the Hawk-
ing temperature TH as TH = (3/4π)(r
1/2
0 /R
3/2). By
using the thermodynamic relation and 10d Newton con-
stant G10 = 2
3π6g2s , we obtain the free energy
FD4 =
27 × 5× π4
37
gsN
3 T 6H V4 , (3)
where V4 is the volume of the D4 branes. According to
our conjecture, this expression must hold even at λ &
N2/3.
We then show Eq.(3) exactly matches with the free
energy expected for the 6D N = (2, 0) theory. The N =
(2, 0) theory on S1 is dual to the M5 branes on S1, whose
4metric is given by
ds2M5 =
r
R
(−f(r)dt2 + dx2 + dy2)+ R2dr2
r2f(r)
+R2dΩ24 ,(4)
where y ∼ y + 2πR11 corresponds to the M-theory circle
with the radius R11 = gs. Again, the energy scale is
determined from the radial coordinate r by r = 4R3E2.
Since the 11D Newton constant G11 is given by G11 =
2πR11G10, we obtain the free energy of the M5-branes as
FM5 =
26 × 5× π3
37
N3 T 6H V5 , (5)
where V5 is the volume of the M5 branes. We can
easily see FD4 and FM5 match by using the relation
V5 = (2πR11)V4 = 2πgsV4.
One might have an impression that this agreement is
trivial from the gravity point of view, because the M5-
brane metric can be obtained by lifting up the D4-brane
metric to 11D. It is, however, not true because the IIA
and M-theory descriptions respectively are valid only at
1≪ λ≪ N2/3 and λ≫ N2/3, and no gravity description
is available at λ ∼ N2/3. In order to relate them, one
must turn to the gauge theory picture, which is well-
defined even at the intermediate parameter region; the
planar dominance outside the planar limit justifies such
an argument.
We can also show the matching of the two-point corre-
lators as follows. As a concrete example we consider the
energy-momentum tensor Tyy in the N = (2, 0) theory
and its dimensional reduction in 5D SYM at zero tem-
perature. In 5D SYM, it couples to the dilaton, and the
two-point function in the planar limit can be obtained
by a standard gravity calculation [30]. According to our
conjecture, the two-point function must have the same
form at very strong coupling. The natural counterpart
in the N = (2, 0) theory on S1 is the smeared energy-
momentum tensor
∫
dy Tyy. We can calculate the two-
point function by using 11d supergravity on AdS7×S4
[31] with a compactified M circle. The result is (for the
scheme-independent part)
∫
d5x eipx
∫∫ 2pigs
0
dy1dy2 〈Tyy(x, y1)Tyy(0, y2)〉
=
gsN
3
23 × 3× 5× π2 p
6 log p2, (6)
which is in perfect agreement with the analytic continua-
tion of the two-point function for a scalar operator in the
5D SYM in the planar limit (see Ref. [30] for the detailed
calculation of it from the gravity side). We can show that
similar agreements hold for the two-point function of the
other components of the energy-momentum tensor.
We can also confirm the matching of the entanglement
entropy through the holographic entanglement entropy
formula [32]. The entanglement entropy for an arbitrary
region D(⊂ R4) times S1 in the N = (2, 0) theory takes
the same form as the one for D in the 5D SYM:
SEE =
23 × gsN3
3π
s(D) . (7)
Here s(D) is a geometric factor common to the two theo-
ries, characterizing the minimal surface with the bound-
ary ∂D in their gravity duals and is independent of gs
and N . Note that the agreement holds including the di-
vergent term, because the UV cutoff corresponds to the
same value of r in Eqs.(2) and (4). For F1 strings and
M2 branes, we confirmed all of these agreements in the
same manner.
Discussions.— The planar large-N limit provides us
with various techniques to understand nonperturbative
aspects of quantum field theories. Our message in this
Letter is that they can be straightforwardly extended to
a far stronger coupling region for a wide class of large-N
gauge theories. This extension can have many applica-
tions, especially to string theory and M theory. Even
when the analytic continuation does not work, it is pos-
sible that nice features of the planar limit survive. For
example it would be fantastic if the integrability in the
planar sector can be generalized to the M-theory limit.
It is also interesting to extend the Eguchi-Kawai equiva-
lence [33] to the very strongly coupled region. Our pro-
posal would also be useful for large-N quantum chro-
modynamics (QCD)[37]; for example, the finite density
region would be interesting to investigate, because the
color superconductor does not exist in the ’t Hooft large-
N limit. It would also be possible that a similar simplifi-
cation takes place other field theories than gauge theories.
It is natural to expect that nice properties of the 1/N
expansion such as the uniform convergence, underlies this
smooth connection between the ’t Hooft large-N limit
and the very strongly coupled large-N limit. It would be
worthwhile to understand the mathematical properties of
the large-N gauge theories more deeply.
From our observation (especially evidence 3), it is nat-
ural to expect that the planar dominance in the gauge
theory side is one of the important ingredients for the
classical description on the gravity side. It is interest-
ing to understand emergent spacetime in gauge-gravity
dualities from this viewpoint.
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